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Abstract. The problem of classifying Einstein solvmanifolds, or equiv- 
^2 ' alently, Ricci soliton nilmanifolds, is known to be equivalent to a ques- 

tion on the variety 9I„ (C) of n-dimensional complex nilpotent Lie alge- 
bra laws. Namely, one has to determine which GL„ (C)-orbits in yi„ (C) 
have a critical point of the squared norm of the moment map. The set 
^Tl7(C)/GL7(C) is formed by 148 nilpotent Lie algebras and 6 curves of 
pairwise non-isomorphic nilpotent Lie algebras. In this paper, we give 
' a complete classification of the aforementioned distinguished orbits for 

1. Introduction 

Prom general theory of relativity, a Riemannian manifold {M,g) is said 
to be Einstein if its Ricci tensor complies the Einstein condition ric = eg for 
^ ■ some constant c G M and in such case, g is called an Einstein metric. If M is 

compact, Einstein metrics are identified as critical points of the total scalar 
I curvature functional on the space of all metrics on M of a fixed volume, and 

'n^ ' can therefore be considered as "selected elements" . 

'. At the present time, no general existence results for Einstein metrics are 

' known. Even in the homogeneous case, M = G/H, the search for G-invariant 

Einstein metrics (G-invariance turns the problem into an "algebraic" one) is 
a difficult problem. We are interested in homogeneous Einstein metrics of 
negative scalar curvature (noncompact, nonflat). A big challenge in this case 
is known as the Alekseevskii conjecture, which states that any homogeneous 
Einstein manifold with negative scalar curvature is isometric to an Einstein 
solvmanifold, i.e. a simply connected solvable Lie group endowed with a 
left-invariant metric satisfying the Einstein condition (see (Bj Conjecture 
7.57]). 

In [H], Heber gives a detailed analysis of standard Einstein solvmanifolds, 
this means that the corresponding metric solvable Lie algebra (5, (•,•)) has 
orthogonal decomposition s = n ©-*" a with n = [s,s] and [a, 0] = 0. Heber's 
paper is accepted by many researchers as a pioneering work and one of his 
results allows Einstein solvmanifolds to be studied with geometric invariant 
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theory (GIT). Since then, geometric invariant theory has played an impor- 
tant role in understanding Einstein solvmanifolds and recent advances have 
come by this powerful machinery. A sample of this is the next result due to 
Lauret, in which the Kirwan's stratification of the variety of nilpotent Lie 
algebra laws is in the core of the proof. 

Theorem 1.1. \L4\ Theorem 3.1] Any Einstein solvmanifold is standard. 

In |Nk2] . Nikolayevsky gives some structural results on Einstein nilradi- 
cals, as well as criteria to decide if a nilpotent Lie algebra is Einstein nil- 
radical or not. An Einstein nilradical is a nilpotent Lie algebra which is the 
nilradical of an Einstein solvmanifold. 

There are many equivalent conditions to be an Einstein nilradical, some 
of them related with the Ricci Flow. Let N be the simply connected nilpo- 
tent Lie group with Lie algebra n. Then (S, {■,■)) is Einstein if and only if 
(A^, (•,•)!„) is a Ricci soliton (called nilsolitons in the literature, cf. |L3j). 
i.e. the Ricci flow solution starting at (A^, (•, •)!„) only evolves by pullback 
of diffeomorphisms and scaling. Furthermore, the only known examples of 
nontrivial homogeneous Ricci solitons are all solvmanifolds which can be 
constructed as a semidirect product of an Einstein nilradical and a suitable 
torus of automorphisms (see |L5j ) . 

Our main result in this paper is a complete classification of 7-dimensional 
nilpotent Lie algebras which are Einstein nilradicals. Since any nilpotent 
Lie algebra of dimension less or equal than 6 is an Einstein nilradical ( [L2| . 
|Wj ) and a direct sum of Einstein nilradicals is again an Einstein nilradical, 
we focus on studying indecomposable algebras. By |Nk2l Theorem 6], it is 
enough to consider complex nilpotent Lie algebras and this is why we use 
the classification in dimension 7 given in [C] (with a couple of corrections by 
Magnin in [M]), which consists of a list of 117 non- isomorphic indecompos- 
able algebras and 6 curves of pairwise non-isomorphic nilpotent Lie algebras. 
If a nilpotent Lie algebra is written in a nice basis (see Definition 12. 7p , then 
by using [Nk2l Theorem 3] it is a simple matter to prove whether the alge- 
bra is Einstein nilradical or not. In [M], 20 algebras and one curve are not 
written in a nice basis, so that these are studied by other methods. Namely, 

• by exhibiting a nilsoliton inner product (see Corollarv 12. 3p . 

• by studying the closeness of the orbit of a nilpotent Lie algebra law by the 
action of certain reductive algebraic subgroup of GL„(M) on A^(]R")* (g)]R" 
(cf. [Nk2l Theorem 5]). 

The first rank-zero nilpotent Lie algebras (also known as characteristically 
nilpotent Lie algebras) appear in dimension 7, which can not be Einstein 
nilradicals since they do not admit an N-gradation. This family has 7 nilpo- 
tent Lie algebras and one curve. For rank > 1, we get 82 indecomposable 
Einstein nilradicals (from a total of 110 indecomposable algebras) and 5 
curves of Einstein nilradicals (with the exception of at most 2 points in 
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each curve; recall that to be an Einstein nilradical is not a property which 
depends continuously on the structural constants of the Lie algebra). 

It is known that the variety of n-dimensional complex nilpotent Lie alge- 
bra laws, CRn(C), is reducible for any n > 7 (cf. |K AGj ) . For the natural 
action of GL„(C) on A^(C'^)* (g) C", by applying Kirwan's stratification and 
convexity properties of the moment map, it follows that each irreducible 
component Ci of ^„(C) can be obtained as the closure of its unique stratum 
of minimum norm (cf. |F2] ). There are finitely many strata and are pa- 
rameterized by the moment map images of the critical points of the squared 
norm of the moment map that belong to 9Tn(C) (which are precisely Ein- 
stein nilradicals) . It follows from the classification of 7-dimensional Einstein 
nilradicals obtained in the present paper that the two irreducible compo- 
nents of 917(C) are respectively the closures of the strata corresponding to 
the Einstein nilradicals of eigenvalue type (1 < 2 < 3 < 4 < 5; 2, 1, 2, 1, 1) 
and (1<2<3<4<5<6< 7;1,...,1). We note that the stratum 
associated to the first type above has actually minimal norm over all strata 
of 0T7(C), although a third stratum has smaller norm than the second one, 
the strata attached to the type (16 < 21 < 37 < 48 < 53 < 69 < 90; 1, 1) 
(see Tables 1 and 2). A characterization of the strata of minimum norm in 
the irreducible components of 9'I„,(C) for n large, may be very useful in the 
study of many problems on the variety of Lie algebra laws, as for instance 
rigidity of nilpotent Lie algebras (a conjecture attributed to Michele Vergne 
says that for n sufficiently large, there do not exist nilpotent Lie algebras 
which have Zariski-open orbit in 9T„,(C)). 

2. Preliminaries 

In this section, we overview all the results on Einstein nilradicals we need 
to apply in our classification. We refer to the survey [L3j for a more detailed 
treatment. 

It follows from Theorem 1 1 . 1 1 and Heber's Rank-One reduction ((HJ Theo- 
rem 4.18]) that any Einstein solvmanifold with Einstein metric solvable Lie 
algebra (s = n © a, (•, •)) is determined by the Einstein metric solvable Lie 
algebra (n x ((•,•))) where ((•,•)) denotes the restriction of the inner 
product on 5 and i;^ is a special derivation with positive integer eigenvalues 
(it is called Einstein derivation in \Nk2\ Definition 1]). Since the Einstein 
derivation and ((•,•)) only depend on the nilpotent Lie algebra n (see |LH 
Lemma 2] ) , the classification of Einstein solvmanifolds is a problem on nilpo- 
tent Lie algebras. 

Definition 2.1. A nilpotent Lie algebra which is the nilradical of an Ein- 
stein metric solvable Lie algebra is called an Einstein nilradical. 

Let V be the vector space A2(M'^)* (g) M". If {e^,...,e^} is the basis of 
(M")* dual to the canonical basis {ei, e„} of then fi^j = (e^ A Cj) 
with l<i<j<n, l<A;<nis the canonical basis of V. As we mentioned 
above, GIT is a very important tool in the theory of Einstein solvmanifolds 
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and the connection is the moment map for the natural action of GL„(]R) on 
V, ui : V \ {0} — > sym(n). Let fi £ V he a nilpotent Lie algebra law and 
let Ric^ denote the Ricci operator of the nilmanifold {Nf^, (•,•)), where A'^^ 
is the simply connected Lie group with Lie(A''^) = (M",/x) and (•,•) is the 
canonical inner product of M". For those who are familiar with the works of 
Ness ([N]), Kirwan ( |Kr] ) or Marian ( [Mr j ) . it will be enough to know that 

4 

(2.1) m(^) = -— r-^Ric^, 

\\h\ 

to recognize some of the results about existence and uniqueness of Einstein 
solvmanifolds (Einstein nilradical). 

Let m be the unnormalized moment map, given by m(/i) = 4Ric^. By 
closeness with GIT, we work with the moment map m instead of Ric. Com- 
putations in |Flj are made using m. 

The next theorem gives an characterization of Einstein nilradicals. 

Theorem 2.2. |L31 Theorem 4.2.] Let fj, € V be a nilpotent Lie algebra 
law. The nilpotent Lie algebra is an Einstein nilradical if and only 

if there exists Jl G GL„(M) • /i such that Ric^ G M7©Der(/i), or equivalently, 
mCjl) = cjil + (f> for some cji < and cf) a symmetric derivation ofjl. 

The derivation (/) in Theorem l2.2l is. up to conjugation, a positive multiple 
of the Einstein derivation. Recall that the eigenvalues of the Einstein deriva- 
tion are positive integer and define the eigenvalue type (see \L3\ Definition 
2.6.]). 

Corollary 2.3. Let ^ ^ V be a nilpotent Lie algebra law. The nilpotent 
Lie algebra (M",/z) is an Einstein nilradical with eigenvalue type {di < ... < 
dr'jHi, ..,nr) if and only if there exists Jl € GL„(]R) • fj, such that: 

-rSSi + Diag( ^ ^ )J 

ni times rw times / 

where di, i = l,...,r are positive integers without a common divisor and 
T>iag{di, ...,dr) is a derivation ofJl. 

Proof. Let £ GL„(IR) • /x such that m(;Uo) = c^q/ + (j). Since the matrix of 
m(//o) in tlie canonical basis of M*^ is symmetric, then there exists k G 0„(M) 
such that km{jj,Q)k^^ = Diag(a;i, ...,x„) with xi < ... < Xn and so k(pk~^ = 
a Diag(di, dr-)? where di < ... < dr are the eigenvalues of the Einstein 
derivation (f> with multiplicities ni, n^. By using that the moment map is 
0„(M)— equivariant we have 

(2.3) m{k ■ ^o) = Cf^gl + aDi&g{di,...,dr). 

Now, since the moment map is orthogonal to each symmetric derivation (by 
[L3[ Equation (4.4)]), if we take the inner product of equation (12. 3p with 



(2.2) mill) = ^ g";^ 
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Diag(di, ■■■idr), then we get that 

I] n-idi 

a = -c„ 



and therefore, by replacing a in (I2.3P 

(2.4) m{k ■ /.o) = c^o (l - Diag(di, d,) 

We recall that, for any A G F, tr(m(A)) = — ||A||^ (again, by |L3l Equation 
4.4.] with a = I), therefore, if we use this fact in (|2.4p . it follows that 

the denominator above is not zero by the CauchySchwarz inequality and 
(f) ^ MI. In consequence 

m(A:./.o)_^/ 



and, as ||^'^^°|| G GL„(M) • //, making pt = ||^'|^° || we have concluded the 
proof. □ 



The importance of expression (j2.2p is that it only depends on the eigen- 
value type. We use the pre-Einstein derivation and Corollary 12.31 to find 
Einstein nilradicals of a fixed eigenvalue type. 

If (M'^,/i) is an Einstein nilradical with eigenvalue type {di < ... < 
dr] 111, ...,nr), then the value 

is the minimum value on GL.„(M) • fi that the function 
^ ^ V I — > \\m[v)\\^ 

takes. F measures how far the Einstein derivation is from a multiple of 
the identity. Since there are finitely many eigenvalue types (or equivalently, 
there are finitely many strata), then the expression (j2.5p takes finitely many 
values which can be used to study degenerations in 9T„(M) via the stratifi- 
cation ([Lil Theorem 2.10.]). 

To finish, we review some definitions and results from ^Nk2] . 

Definition 2.4. jNk21 Definition 2] A derivation </) of a Lie algebra g is 
called pre-Einstein, if it is semisimple, with all the eigenvalues real, and 

(2.7) tr((^-0) = ti"(^)) for any ip G Der(g) 

Theorem 2.5. [Nk2l Theorem 1] 

1. (a) Any Lie algebra g admits a pre-Einstein derivation cpg. 
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(b) The derivation (j)^ is determined uniquely up to automorphism of q. 

(c) All the eigenvalues of are rational numbers. 

2. Letn be a nilpotent Lie algebra, with (f) a pre- Einstein derivation. Ifn is 
an Einstein nilradical, then its Einstein derivation is, up to conjugation 
by an automorphism, positively proportional to cj) and 

(2.8) (l)>Q and ad^ > 0, 

i.e. all eigenvalues of (p are positive and all eigenvalues of ad^j, are non 
negative. 

There is a reductive real Lie group, G,^, attached to a pre-Einstein deriva- 
tion. Consider 

(2.9) 0^ := {a e 0[„(R) : [a, 0] = 0, tr(a(/)) = 0, tr(a) = 0} 

and let be the connected Lie subgroup of GL„(M) with Lie algebra g^. 
The relevance of the group G^ in the study of Einstein nilradicals is given 
by the next theorem. 

Theorem 2.6. |Nk2l Theorem 5] Let fi be a nilpotent Lie algebra law. For 
the nilpotent Lie algebra n = {W^fx) with a pre-Einstein derivation (j), the 
following conditions are equivalent: 

(i) n is an Einstein nilradical. 

(ii) The orbit G^f, ■ /i is closed in V . 

(Hi) The function : G<^ — > M defined by p^{g) = \\g ■ p.W'^ attains the 
minimum. 

Suppose the orbit Gff, ■ fi is not closed. Then there exists a unique closed 
orbit Gfj) ■ fiQ C Gff) ■ p such that the algebra no = (M",/xo) is an Einstein 
nilradical not isomorphic to n and there exists a symmetric matrix A G Qcj,, 
with integer eigenvalues, such that lim exp(tyl) • p = pQ 

t—>-co 

The inner product in V (and so the norm used in Theorem I2.6p is the 
induced by the canonical inner product of M" (see \h3\ Equation (3.3)]). 

Definition 2.7. Let {Xi, be a basis for a nilpotent Lie algebra n, 

n 

with [Xi,Xj] = ^ c^j^k- The basis {Xi} is called nice, if for all i, j, 
k=i 

#{/c : c^^. / 0} < 1 and for ah i, k, #{j : c^j / 0} < L 

In dimension 6, there is only one real nilpotent Lie algebra that does 
not admit a nice basis, it is denoted by Lq h in |Grj . In fact, following 
Graaf's classification, Lq^h is the only which is not written in a nice ba- 
sis. The dimensions of the descending central series and derived series for 
Le,!! are (6,3,2,1,0) and (6,3,0), respectively, and it is easy to see that 
if a 6-dimensional nilpotent Lie algebra with the same dimensions of the 
descending central series and derived series that Le.ii admit a nice basis, 
then any such algebra must be isomorphic to i^6,i2i -^6,135 -^5,6 © or 
Lsj © Mxg. Thus Lq^u can not admit a nice basis. In dimension 7, any 
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complex nilpotent Lie algebra of rank greater or equal than 3 has a nice 
basis (by a straightforward verification of the list [M] ) • It is proved in [Nklj 
that every filiform Lie algebra admitting an N-gradation have a nice basis. 
Although the nice basis condition looks "very exclusive", it is satisfied by 
many families of nilpotent Lie algebras. 

Let {Eij} be the canonical basis of and let af^- = E^k — En — Ejj 

with 1 < i < j < n and 1 < k < n denote the weights of the represen- 
tation of on V (via the action of GL„(M) on V). Let us now state 
Nikolayevsky's nice basis criterium. 

Theorem 2.8. |Nk2l Theorem 3.] Let n = (M", /u) be a nilpotent Lie algebra, 
with fJ' = Y1 '^ijl^ij' 7^ 0- ^ ^"^ ordered set of weights that are related 
with fi (i.e. a^j ^ F if and only if c^- 7^ Oj, set m = jj^F and define the 
(Gram) matrix U G M(m, R) as 

Up,g ■.= tr{F{p)F{q)). 

If the canonical basis {ci}^^^ is a nice basis then the following conditions 
are equivalent: 

(i) n is an Einstein nilradical. 

(a) The vector of minimum norm in the convex hull of E is in the interior 
of the hull. 

(Hi) The equation Ux = [l]m, has at least one solution x with positive 
coordinates. 

3. Classification 

The purpose of this section is to describe the classification and to present 
four cases which illustrate how we get the full classification of 7-dimensional 
Einstein nilradical. In |Flj . each nilpotent Lie algebra is studied in detail. 

Undoubtedly, our principal tool is Nikolayevsky's nice basis criterium and 
Carles' classification. Following [M], the only algebras of rank > 1 that are 
not written in a nice basis are 1.2(iz), 1.2{iv), 1.3(iA), 1.3(zi), 1.3{v), 1.11, 
1.12, 1.13, 1.14, 1.15, 1.16, 1.17, 1.18, 1.21, 2.2, 2.11, 2.24, 2.25, 2.26, 2.27, 
2.37. Some of these algebras may admit a nice basis or not. Recall that a 
rank-zero nilpotent Lie algebra can not be an Einstein nilradical as it does 
not admit an N-gradation. 

By using that any nilpotent Lie algebra of dimension less or equal than 
6 is an Einstein nilradical ( |L2j . |Wj). one obtains that any decomposable 
7-dimensional nilpotent Lie algebra is an Einstein nilradical. 

Theorem 3.1. The classification of 7 -dimensional indecomposable Einstein 
nilradicals is given according to their rank in Tables 1, 2, 3 and 4. 

The notation in the tables is as follows: 

/ := Yes, -:= No, EN:= Einstein Nilradical, Min:= Minimum 
of I^ lGL„(iR)-/i) dim DCS:= Dimension of descending central 
series and dim Der:= Dimension of the algebra of derivations. 
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In dim DCS we omit the first term, which is always 7. So for example 
the algebra n = (M",/u) with /_f = 1.3(io) is not an Einstein nilradical and 
hence minimum of F |GL„(]R)-/i does not exist, the dimension of its algebra of 
derivations is 13 and dimension of descending central series is (7,4,2,1,0) 
that correspond to n = Uq > rii = [n, no] > n2 = [n, ni] > ns = [n, n2] > n4 = 
[n,n3] =0. 



Example 3.2. Exhibiting a nilsoliton inner product 

01.17 

[ei,e2] = 63, [61,63] = 64, [61,64] = 66, [ei,66] = 67, [62,63] = 65, 
[62,65] = 66, [62,66] = 67, [63,64] = -67, [63,65] = 67 

This algebra has rank 1 and its maximal torus of derivations is generated 
by Diag(l, 1, 2, 3, 3, 4, 5). It follows from Corollary 12.31 that if 0i.i7 is an 
Einstein nilradical, then there must be a Lie algebra law Jl in GL7(M) • fi 
with Diag(l, 1, 2, 3, 3, 4, 5) as Einstein derivation and moment map equal to 

, , ^ , 23 23 27 4 4 11 15' 

(3.1) ™(/i) = iJiag 



47' 47' 94' 47' 47' 94' 47, 

However, any algebra law admitting Diag(l, 1, 2, 3, 3, 4, 5) as a derivation 
is of the form 

[61, 62] = 0163, [61, 63] = 0264 + 0365, 
[61,64] = 0466, [61,65] = 0566, [61,66] = 0567, 

[62, 63] = 0764 + 0865, [62, 64] = 0966, [62, 65] = O1066, 
[62, 66] = 01167, [63, 64] = O1267, [63, 65] = O1367. 

If J represents the Jacobi condition, then Einstein nilradicals of eigenvalue 
type (1 < 2 < 3 < 4 < 5; 2, 1, 2, 1, 1) are characterized by J(^(oi, ...,013)) = 
and m(/i(oi, ...,013)) as in (j3.ip . or equivalently, by the following polyno- 
mial equations system: 



,0,13) 



J(/i(oi,...,Oi3)) 



m(/i(oi,...,oi3)) 



010O6 + 05011 + 01013 = 0, 

OgOe + 04011 + O1O12 = 0, 

0305 + 03010 — 0704 + 0209 

23 
47' 

205O10 ~ 2060ii 



-2o2 



2oi 



2oi 



2ol 



0, 

-2o2 



-202O7 — 203O8 — 204O9 



-2of 



2of - 2o^ - 2ai - 2a 



2a\ 



2al 



24 



2o2 - -^-2 ^ 0.2 



2of 



10 



2ofi 



24 



2 - 2o| + 2of 
20203 — 20405 + 20708 
2al + 2al -^-^ 



2oi 



2^8 

2a?2 = 
- 209O10 
2 _ 



2o?2 



2a?3 



23 
'47' 



0, 



20]_Q 20;^3 



2o^ + 2o^ - 2o2 + 2o2 + 2o2q 



_±_ 

47' 

- 20l20l3 = 0, 
47' 

2o? - 11 



27 
94' 



2o2 + 2o2 +2o2 +2o?o = i|. 



ni 94' 

10 

tg -r ^u^^ -r ^u,^2 ~^ ^"13 — 47- 
Since an eigenvalue type may have many non isomorphic Einstein nil- 
radicals, we must find a solution such that its nilpotent Lie algebra law 
is isomorphic to 01.17. A priori, we have found a pre-Einstein derivation 
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to all 7-dimensional indecomposable algebras in [M] and fli.i? is the only 
indecomposable nilpotent Lie algebra that has a pre-Einstein derivation of 
eigenvalue type (1 < 2 < 3 < 4 < 5; 2, 1, 2, 1, 1), thus we only have to verify 
the indecomposability property between solutions of such equations system 
to show that 01.17 is an Einstein nilradical. By using Grobner basis to solve 
the polynomial equations system we find some solutions given by: 



(3.2) 



oi = 

a? = 
ai2 





/elT 




94 


±'- 


/23E 



, 02 = 0, 03 



0,ai3 



= 0,09 

11 ' 



/235 „ _ 
"47^) "4 - 

/6TT ^ 



0,a5 = ± 
= 0,aii = ± 



"611 „ 
94 ' "6 
/705 



0, 



94 ' 



By fixing a solution we have an Einstein nilradical {W^,fi) given by 



/i : = 




_ y/elT 



^es, [61,63] = ^^65, [61,65 

fl66, [62,66]--^-^- - 



_ Veil 



W^e7,[63,65] 



^^^66, [62, 63] — ^^^^64, 



^67 

94 ^7 



As (ffi", Jl) is indecomposable by the analysis above, this must be isomorphic 
to (M", fi). To find an isomorphism, since the map Diag(l, 1, 2, 3, 3, 4, 5) with 
respect to the basis {6j} is a derivation of both algebras, we can assume 
that an isomorphism is given by a matrix in GL7(M) that commutes with 
Diag(l,l,2,3,3,4,5), 



9 = Diag 



b2A 



^2,2 



^3,3, 



^4,4 ^4,5 
^5,4 ^5,5 



By solving the equation g • fj. = fj. we get 



V 



1 


-1 











V2 


V2 





















V/T222 

47 







47 
47 




47 
47 

































, W6,6) "7,7 









13v^ 
2209 












65\/3 



2209 



and thus 01.17 is an Einstein nilradical, as was to be shown. 



Rank one 


n 


EN 


pre-Einstein 


Min 


dim 


dim 


derivation 


Der 


DCS 


l.Ol(i) 




(0,1,0,1,1,1,1) 




11 


(4,3,2,1) 


1.01(m) 




(0,1,0,1,1,1,1) 




12 


(4,3,2,1) 


1.02 




i(0,l,l,l,2,2,3) 




11 


(5,4,2,1) 


1.03 




1(0,1,1,1,1,2,2) 




11 


(5,4,2,1) 
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Rank one 


n 


EN 


pre-Einstein 

Qcl iVclLiUil 


Min 


dim 

Dm- 


dim 


11/' \ 
A 7^ U, 1 


/ 


i(l,2,3,4,5,6,7) 


0.714 


10 


(5,4,3,2,1) 


I.I(^a) 

A = U 




i(l,2,3,4,5,6,7) 




10 


(5,4,3,2,1) 


I.I(^a) 
A = i 




i(l,2,3,4,5,6,7) 




11 


(5,4,3,2,1) 




- 


i(l,2,3,4,5,6,7) 


- 


11 


(5,4,3,2,1) 


-1 -1 / • ■ 'N 




i(l,2,3,4,5,6,7) 


0.714 


10 


(5,4,3,2) 


) 




i(l,2,3,4,5,6,7) 




11 


(5,4,2,1) 


l.l{v) 




i(l,2,3,4,5,6,7) 




10 


(4,3,2,1) 


-1 -1 / 




i(l,2,3,4,5,6,7) 




11 


(4,3,2,1) 


1.2(iA) 

A / 0, 1 


/ 


^(1,1,2,2,3,3,4) 


0.846 


12 


(4,3,1) 


1.2{ix) 
A = 


/ 


^(1,1,2,2,3,3,4) 


0.846 


12 


(4,3,1) 


1■2(^A) 
A = 1 


/ 


^(1,1,2,2,3,3,4) 


0.846 


12 


(4,3,1) 


1 O / ^' ^' \ 




Tt(1, 1,2,2,3,3,4) 




12 


(A 1 ^ 
(4,3, 1) 


l.Z[lll ) 




-pj-(l, 1,2,2,3,3,4) 




1 


(4,3, Ij 


i.Z[lV) 




4/1 1 OOQO/l^ 

-pp(l, 1,2,2,3,3,4) 






(4,2, 1) 


i.3(ZAj 
A /= U 


/ 


^(1,2,2,3,3,4,5) 


0.895 


13 


(4,2,1) 


A — n 


- 


^(1,2,2,3,3,4,5) 


- 


13 


(4,2,1) 


1.3(m) 




— fl 2 2 3 3 4 5) 




14 


f4 2 I) 


1 1 ? 7 7 ) 




— fl 2 2 3 3 4 5") 


0.895 


13 


(A 2 \^ 


1 Si'?-;;'! 




-^n 2 9 3 3 4 5"! 




1 3 


(4 2) 


1 '\(v'\ 




2 2 3 3 4 5^1 




1 3 


f3 2 1 


1.4 


V 


-t^M 3 4 5 fi 7 8"! 


820 


12 


f 5 4 3 2 1 


1.5 


/ 


— fl 3 4 5 6 7 9) 


0.738 


11 


f5 4 3 2) 


1.6 


/ 


^(1,4,5,6,7,8,9) 


0.895 


12 


(5,4,3,2,1) 


1.7 


/ 


4(2,3,4,5,6,7,8) 


1.04 


15 


(4,2) 


1.8 




^(2,4,3,6,7,8,10) 




11 


(4,2,1) 


1.9 




i^(2,3,6,5,7,8,9) 




14 


(4,3,1) 


1.10 


/ 


^(2,3,5,7,8,9,11) 


0.792 


11 


(5,4,2,1) 


1.11 


/ 


^(1,2,3,3,4,5,6) 


0.806 


11 


(4,3,2,1) 


1.12 


/ 


(1,2, 4, 3, 4, 5, 6) 


0.863 


12 


(4,3,2,1) 


1.13 


/ 


^^(1,2,3,4,5,5,6) 


0.853 


12 


(5,4,2,1) 


1.14 


/ 


1^(1,2,3,4,5,5,7) 


0.741 


11 


(5,4,2,1) 
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Rank one 


n 


EN 


pre-Einstein 
derivation 


Min 


dim 
Der 


dim 
DCS 


1.15 


/ 


1^(1,3,4,4,5,6,7) 


0.927 


13 


(4,3,2,1) 


1.16 


/ 


|i(l,2,3,3,4,4,5) 


1.05 


15 


(4,2,1) 


1.17 


/ 


i(l, 1,2,3,3,4,5) 


0.692 


11 


(5,4,2,1) 


1.18 


/ 


i(l, 2,3,3, 4, 5,5) 


0.947 


13 


(4,3,1) 


1.19 


/ 


2q (1, 1, 1, 2, 2, 3, 3) 


0.853 


11 


(4,2) 


1.20 




^(1,2,3,5,6,7,8) 




11 


(4,3,2,1) 


1.21 




if?^(l,2,3,3,4,5,7) 




11 


(4,3,2,1) 



Table 1. Classification of 7-dimensional indecomposable 
Einstein nilradicals. Rank one case. 



Example 3.3. Showing that the G^-orbit is closed 

Qi.3{ix) witl^ ^ 7^ 

n = I [^l'^2] = 64, [61,63] = 65, [61,64] = 66, [61,66] = 67, [62,63] = 66, 
1 [62,64] = A67, [62,65] = 67, [63,65] = 67 

For any A 7^ 0, 0i.3(i;,^) is an Einstein nilradical. We prove this by contra- 
diction; assume that Si,3(i;^) is not an Einstein nikadical. The derivation 
(j) given by the diagonal matrix ^ Diag(l, 2, 2, 3, 3, 4, 5) with respect to the 
basis {ci} is pre-Einstein. It follows from Theorem l2.6l that the orbit G^-fi is 
not closed and so there exists 1" G , y is a symmetric matrix, such that 
degenerates by the action of the one-parameter subgroup exp(ty) as i — 00. 
As y S 0^ and Y is symmetric, then there exists X = Diag(ai, ...,07) G Qfj, 
and A{a), B{(3) in S02(M) such that 

Y = Diag(l, A{-a),Bi-l3), 1, 1)X Diag(l, ^(a), 5(/3), 1, 1). 

As the action is continuous, it follows that fx also degenerates by the action 
of 

gt := exp{tX) Diag(l, A{a), B{^), 1, 1) 

as t — 7- 00. The contradiction will be found in this last fact. The action of 
gt in n is 



61 


62] 


= e" 


-t(ai+a2- 


COS {a - /3) 64 - e-*("i+"2-«5) 


sin (a 


-/3) 65, 


61 


63] 


= e" 


-t{ai+a3- 


sin (a - /3) 64 + Q-ti^i+^a-'^s) 


cos (a 


-/5) 65, 


61 


64] 


= e" 


-t(ai+a4- 


-"6) cos (/?) 66, [61, 65] = e-^^^'i+'^s- 




(/3)66, 


61 


65] 


= e" 


-t{ai+ae- 


'"^^67, [62,63] =e-*('^2+a3-a6)gg^ 






62 


64] 


= e" 


-t{a2+a4- 


-"^V2,4(a,/3)67, 






62 


65] 


= e" 


-t(a2+a5- 


""^V2,5(a,/3)67, 






63 


64] 


= e" 


-t{a3+a4- 


""^)/3,4(«,/5)67, 






63 


65] 


= e" 


-t{a3+a5- 


""^V3,5(«,/5)67. 
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with 

/2,4(a, (3) = (cos (a) cos A + sin (a) sin — cos (a) sin (/3)), 
12,5(0:, /3) = (cos (a) sin (/3) A — sin (a) cos (/3) + cos (a) cos (/3)), 
/3,4(cK) /3) = (sin (a) cos (/3) A — cos (a) sin (/?) — sin (a) sin (/3)), 
f 3,5(0, (3) = (sin (a) sin (/3) A + cos (a) cos (/3) + sin (a) cos (/3)). 



According to values of a and /3 some terms are zero in the Lie algebra law 
gt ■ /i and as the degeneration is determined by non-zero terms, our attention 
is in the exponent of the exponential factor of such terms; when t > 0, such 
exponent must be non negative. 

It is easy to see that pairs of functions {/2,4, /2,5}, {/2,4, fs,^}, {f2,5, /s.s} 
and {f 3,4, f 3,5} do not vanish simultaneously (as sin and cos). We have the 
following cases depending on which terms are non zero. 



I) cos(/3) and sin(/3) are non zero 
1. cos(q — /3), /2,4, /3,4 are non zero 



If this is the case then it must be that oi, 07 satisfy: ai + 02 + 03 + 04 + 
^5 + ^6 + ^7 = 0, oi + 2a2 + 203 + 804 + 805 + AaQ + baj = since X £ g^j, 
and oi + ag — 07 > 0, 02 + ^3 — ^6 ^ 0, oi + 04 — ag > 0, ai + 05 — > 0, 
ffli + 02 — a4 > 0, ai + 03 — 05 > 0, 02 + 04 — 07 > and 03 + 04 — 07 > 0. 

Instead of solving the inequalities system, we can do the next trick: we 
introduce a new variable Cj for each inequality qi and we have qi — cf = 
and so we must solve the polynomial equations system: 

ai + 02 + 03 + 04 + as + ag + ay = 0, 

ai + 2a2 + 2a3 + 804 + 805 + 4a6 + 5a7 = 0, 



ai + og 


- 07 




= 0, 02 + 03 


- Og 


ai + 04 


- ag 




= 0, Oi + 05 


- 06 


fli + a2 


— 04 




= 0, Oi + 03 


- 05 


(22 + 04 


- 07 




= 0, 03 + 04 


- 07 



We set that cf +4c|+5c|+2c^+2cf+5c| = 0, ci-6ci-6ci-4c|-2c§-2c^ = 
and C3 + C5 + Cg — C4 — Cg — Cy = 0. By the first equality ci , C4 , C5 , cg , C7 and 
are zero and so C2 and C3 are zero too. The degeneration is therefore trivial 
and so in this case we get a contradiction. Remaining cases are similar and 
we can see them in |Flj . So, no matter which case is, the degeneration is 
trivial. Hence 0i.3(i;^), with A 7^ 0, must be an Einstein Nilradical. 



Rank two 


n 


EN 


pre-Einstein 
derivation 


Min 


dim 
Der 


dim 
DCS 


2.1(iA) 
A ^0,1 


/ 


^(8,5,6,8,9,11,14) 


0.905 


14 


(4,2,1) 
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Rank two 


n 


EN 


IJL c~JJjllio Lt/lll 

Hp-pivafinri 

i_lv^l. J. V C(t(j J.v-'lJ. 


Min 


dim 


dim 
DCS 


A — u 


- 


^(3,5,6,8,9,11,14) 


- 


14 


(4,2,1) 


A = 1 


/ 


^(3,5,6,8,9,11,14) 


0.905 


14 


(4,2,1) 


2 1 ('i'i) 


V 


— ('3 5 6 8 9 11 141 


905 


14 


('4 2 11 


9 1 (777) 


y 

V 


— ('3 5 6 8 9 11 1 4"! 


905 


14 


('3 2 11 


2.1{iv) 




^('3 5 6 8 9 11 14^1 




14 


f3 11 






— ('3 5 6 8 9 11 1 4"! 




14 


(A 21 


2.2 




-(^ 1 1 2 2 2 3^1 




1 5 


('4 11 


2.3 


/ 


— (I 16 17 18 19 20 211 


1.06 


13 


('5 4 3 2 11 


2.4 


/ 


— fl 4 5 6 7 8 111 

52 V ' ' ' ' ' ' / 


0.743 


12 


f5 4 3 21 


2.5 


/ 


1 i'i 2 3 4 5 6 71 


0.714 


12 


('5 4 2 11 


2 fi 


/ 

V 


— (^() 23 33 43 56 53 761 


743 


12 


('5 4 2 11 


2 7 


y 

V 


— ('3 10 13 16 23 19 221 


9 


1 3 


('5 4 2 11 


2 8 


y 

V 


— ('3 5 8 11 1 3 14 1 61 


857 


1 3 


('5 4 21 


2 Q 


y 

V 


-^("1 1 2 3 3 4 41 


824 


12 


('5 4 21 


2.10 




1(1 2 6 3 4 5 71 




12 


('4 3 2 11 


2.11 


/ 

V 


— (Q 19 28 28 37 47 461 


947 


14 


('4 3 11 


2.12 


y 

V 


iC3 5 5 8 8 1 1 1 31 

g\^0, 0,0, 0,0, 11, lO) 


9 


14 


(A 21 


2.13 


/ 

V 


— (16 21 48 37 53 69 901 


698 


12 


('4 3 2 11 


2.14 


y 

V 


ifl 3 2 4 5 6 71 


71 4 


12 


('4 3 2 11 


2.15 


y 

V 


-!-('1 3 3 4 5 6 71 


833 


1 3 


('4 3 2 11 


2.16 


/ 

V 


— ('5 17 20 22 27 32 371 


931 


14 


('4 3 2 11 


2.17 


/ 


— f4 5 8 9 13 14 171 


0.857 


13 


('4 3 11 


2.18 


V 


— ('20 31 60 51 71 82 911 


971 


1 5 


f4 3 11 


2.19 




in 2 4 3 4 5 51 




1 5 


('4 3 11 


2.20 


y 

V 


— ('5 16 10 21 15 20 251 


1 06 


1 6 

XU 


('4 2 11 


2.21 


y 

V 


— ('8 19 24 27 32 35 431 


1 07 


16 

XU 


('4 2 11 


2.22 


y 

V 


— ('5 14 10 15 24 20 251 


950 


14 


f4 2 11 


2.23 




— fl 1 2 2 3 3 41 




13 


f3 11 


2.24 


/ 


tV(5,9, 10,14, 19,19,24) 


0.895 


13 


(4,2,1) 


2.25 


/ 


f^(l,2,2,3,3,4,5) 


0.895 


14 


(3,2,1) 


2.26 


/ 


T^(7, 10,7,17, 14,21,24) 


0.895 


13 


(4,2) 


2.27 


/ 


^(6,7, 14,13, 13,19,20) 


1.15 


17 


(3,2) 


2.28 


/ 


3^(4,5,6,8,9,10,14) 


1.06 


16 


(3,1) 


2.29 




4^(15,22,30,29,37,52,59) 




14 


(3,2) 


2.30 


/ 


^(2,4,5,5,6,8,10) 


0.931 


15 


(3,2,1) 


2.31 


/ 


3^^(14,15,27,29,42,43,57) 


0.848 


13 


(4,2,1) 


2.32 


/ 


^(3,10,8,13,11,16,19) 


0.931 


14 


(4,2,1) 
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Rank two 


n 


EN 


pre-Einstein 
derivation 


Min 


dim 
Der 


dim 
DCS 


2.33 


/ 


— flO 18 15 28 33 38 481 


0.805 


12 


a 2 11 


2.34 


/ 


if22 2(1 21 42 43 62 641 


0.854 


12 


(4 21 


2 3.'i 


/ 

V 


J- ('5 6 7 1 1 1 2 1 7 1 81 


867 


12 


(A 21 


2.36 


/ 


— (18 13 10 15 28 23 331 


1.10 


16 


f3 11 


2.37 


/ 


^(1,1,2,2,3,3,4) 


0.846 


13 


(4,3,1) 


2.38 


/ 


-j-^(l, 1, 2, 2, 2, 3, 3) 


1.14 


16 


(3,2) 


2.39 


/ 


Ti;(5, 11,10,16,15,21,20) 


1.14 


17 


(4,2) 


2.40 


/ 


^5^^(9,10, 19, 18,28,29,27) 


1.10 


16 


(4,2) 


2.41 


/ 


i(2,3,5,6,7,8,10) 


0.875 


13 


(4,3,1) 


2.42 




^(11,22,30,33,41,52,55) 




14 


(4,2) 


2.43 


/ 


3^(11,29,20,40,31,42,51) 


1.06 


16 


(4,2) 


2.44 


/ 


^(15,19,23,34,38,42,53) 


1.06 


16 


(4,1) 


2.45 


/ 


1^(6,7,11,12,13,19,18) 


1.17 


17 


(3,1) 



Table 2. Classification of 7-dimensional indecomposable 
Einstein nilradicals. Rank two case. 



Example 3.4. Degeneration by action of the group G,^ 

02.2 

n-=[ [^I'^s] = 65, [ei,e3] = 66, [61,64] = 267, [62,63] = 64, [62,66] = 67, 

1 [63,65] = -67, [63,66] = 67 

02.2 is a nilpotent Lie algebra of rank 2 with a maximal torus of derivations 
generated by Bx = Diag(l, 0, 0, 0, 1, 1, 1) and D2 = Diag(0, 1, 1, 2, 1, 1, 2) 
(with respect to the basis {6j}). = aDi+bD2 is a pre-Einstein derivation, 
then a, b are found by solving the linear equations system 

r tr{^Di)=tTiDi), 

\ tT{(t>D2)=tT{D2). 

We get that cj) = \Di + \D2 = |(1, 1, 1, 2, 2, 2, 3), and so if 32.2 is an Einstein 
nilradical, then it has eigenvalue type (1 < 2 < 3; 3, 3, 1). The method used 
in Example 13.21 applied to this algebra is very cumbersome because the 
polynomial equations system attached to the type (1 < 2 < 3; 3, 3, 1) has 
infinitely many solutions whose algebras are pairwise non isomorphic; the 
curve 3.1(A) with A ^ ^ 1 is Einstein nilradical of type (1 < 2 < 3; 3, 3, 1). 
By analyzing solutions of such system, we see that there is no any solution 
that corresponds to 02.2- Therefore we use another way to proof that 02.2 
is not an Einstein Nilradical. By Theorem 12.61 we try to find a non-trivial 
degeneration of 02.2 by the action of a 1-parameter subgroup of G^. Let 
X G 00 be a diagonal matrix, X = Diag(ai, 07). As \,i{X(j)) = and 
tr(X) = then 04 = —05 — a% — 2aj and ai = 07 — 02 — 03. The action of 
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gt = exp{tX) on fi is 

[ei,e2] = e*(-'^7+'^3+«5) 



[61,64] = 2e**-"^~'~''^^'^^~''°^^^°''^-'e7, [62,63] = e*(-'»2-a3-a5-a6-2a7) 



64, 



[62,65] = e*('^^-'^2-a6)e^^ 

[63,66] = e*('^^-'^3-a6)e^ 



.63,65] 



-,t(a7-a3— as) 



67, 



To find a non-trivial degeneration as i — )• 00, we need that exponents be 
negative. By doing the same trick as in Example 13. 3| we get a polynomial 
equations system 



07-03-05 
whose solutions are given by 
05 



— 07 + 03 + 05 = — 6f , —07 + 02 + 06 

^2 + 03 + 05 + og + 207 = 
—02 — 03 — 05 — 06 — 207 
07 — 02 — 06 = —65, 07 



-hi 
03 - 05 



hi 



4 "4 



"2 _ 

(3.3) 05 = 05, 06 = 05 + 67 - 6g, 07 = 

62 = ±165, 63 



4'^4 4"5 
±164, 64 = 64, 65 = 65, 65 = 



-as + \hl 



4''5 + 4"6' 



n = ±i66, 
66, 67 = bj 



As the solutions must be real, then 64 



56 



0, and so that 61 



63 = 0. In order that the degeneration be non-trivial, we need 67 7^ 0. By 
setting 67 = 1 and 05 = we get 02 = —1, 03 = 0, og = 1, 07 = 0, oi = 1 
and 04 = —1, and thus 

X = Diag(l, -1,0,-1, 0,1,0) 
As t tends to infinite gt ■ fJ, ^ Jl 



[61,62] = 65, [61,63] = 66, [61,64] = 267, [62,63] = 64, [62, ( 
[63,65] = -67 



67, 



{M7 ,J1) is not isomorphic to (]R^,/i) since dim Der (M'^, /x) = 15 and 
dimDer(M'', //) = 17. Therefore the G(^-orbit of /i is not closed and in 
consequence 92.2 is not an Einstein nilradical. 



Rank three 


n 


EN 


pre-Einstein 
derivation 


Min 


dim 
Der 


dim 
DCS 


3.1(iA) 

A/ 0,1 


/ 


i(l, 1,1,2,2,2,3) 


1 


15 


(4,1) 


3.1(iA) 
A = 




i(l, 1,1,2,2,2,3) 




15 


(4,1) 


3.1(iA) 
A = 1 




i(l, 1,1,2,2,2,3) 




15 


(4,1) 


3.1{iii) 




i(l, 1,1,2,2,2,3) 




15 


(3,1) 
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Rank three 


n 


EN 


pre-Einstein 
derivation 


Min 


dim 
Der 


dim 
DCS 


3.2 


/ 


— fl 5 6 6 7 7 8) 


1.18 


17 


^4 2 1) 


3.3 


/ 


— ih 12 15 17 27 22 27") 


0.954 


15 


('4 2 1) 


3 4 


/ 

V 


J-f'fi 5 5 1 1 11 1 fi 1 


857 


1 3 


(4 2 ) 


3 5 


y 

V 


— Ho 7 11 17 21 24 28) 


909 


14 


M 2) 


3 fi 


/ 

V 


— q 7 14 12 16 17'^ 


1 18 


1 8 


(A 1) 


3 7 

(J. 1 




in 2 2 2 3 4 4^1 




1 5 


('3 1 ) 

V"' ij 


3 8 


/ 

V 


i|'2 3 4 4 5 fi 7^1 


1.25 


1 9 

X u 


('3 1 ) 


3.9 


/ 


— f3 3 5 6 6 8 9) 


1.18 


18 


f3 1) 


3.10 


/ 


— {\2 7 11 16 19 23 30) 


0.909 


15 


^3 1) 


3.11 


/ 


i('5 7 12 10 12 17 17) 


1.18 


18 




3.12 


y 

V 


-fl 1 1 1 2 2 2) 


1 33 


1 9 

X u 


(3) 


3 1 3 


/ 

V 


— ('8 11 15 15 19 27 30) 


954 


1 6 

XVJ 


('3 2) 


3 1 4 


y 

V 


— ('5 q 9 in 14 14 19) 


1 18 


1 8 

xo 


('3 1 ) 
I, "J, ij 


3.15 


/ 


— f6 5 7 9 11 13 16) 


1.10 


17 


f3 1) 


3.16 


/ 


^(5,8,5,8,13,13,18) 


0.857 


14 


(3,1) 


3.17 


/ 


^(1,3,3,3,4,5,6) 


0.954 


16 


(3,2,1) 


3.18 


/ 


^(3,4,5,5,6,7, 10) 


1.18 


19 


(2,1) 


3.19 


/ 


i(5,6,6,5,6,ll,ll) 


1.33 


19 


(2) 


3.20 


/ 


i(l, 4, 4,5,5, 6,6) 


1.25 


19 


(4,2) 


3.21 


/ 


T5V(6, 15,11,21,17,27,28) 


0.954 


15 


(4,2) 


3.22 


/ 


^(7,12,10, 19,17, 29,24) 


0.909 


15 


(4, 2) 


3.23 


/ 


tV(4,5,9,9,13, 14,13) 


1.10 


17 


(4,2) 


3.24 


/ 


i(5,3,4,4,8,7,7) 


1.50 


22 


(3) 



Table 3. Classification of 7-dimensional indecomposable 



Einstein nilradicals. Rank three case. 
Example 3.5. Applying Nikolayevsky's nice basis criterium 

03.1{iA) 

[61,62] = 64, [61,63] = 65, [61,66] = 67, [62,63] = 66, [62,65] = A67, 

[63,64] = (A - 1)67 

The basis {61,. ..,67} is a nice basis to 03.1(4^) with any A. We can use 
Theorem 12 .81 If A 7^ 0, 1, the matrix U is given by 

/ 3 1 1 1 1 -1 \ 

1 3 1 1-11 

1 1 3-11 1 

11-13 11 

1-11 1 3 1 

\ -1 1 1 1 1 3 y 
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The general solution to the problem Ux = [Ije is give by 

X — lt2,ti, - — ti — t2, - — h — t2, ti,t2 

By taking ti and t2 such that < ti < ^, t2 < ^ — ^i we get a solution with 
positive coordinates. Hence, 03.i(i;^) whit A 7^ 0, 1 is an Einstein Nilradical. 
If A = the matrix U correspond to 03,i(i„) is 

/ 3 1 1 1 -1 \ 

13 111 

113-11 

11-13 1 
\ -1 1 1 1 3 / 

The general solution to the problem Ux = is (t, 0,^ — t,^ — t,t)'^ , and 
it follows from the nullity of the second coordinate, one obtains 03.i(io) is 
not an Einstein nilradical. By arguing analogously, one obtains Qs.i{ii) is 
not an Einstein nilradical. 



Rank four 


n 


EN 


pre-Einstein 
derivation 


Min 


dim 
Der 


dim 
DCS 


4.1 


/ 


i(4,5,4,5,9,8,9) 


1.4 


20 


(3) 


4.2 


/ 


1(1,2,2,2,3,3,3) 


1.67 


25 


(3) 


4.3 


/ 


i(5,5,6,5,4, 10,9) 


1.4 


21 


(2) 


4.4 


/ 


1(1,1,1,1,1,1,2) 


1.67 


28 


(1) 



Table 4. Classification of 7-dimensional indecomposable 
Einstein nilradicals. Rank four case. 
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